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Abstract 

For gauge field propagators, the asymptotic behavior is obtained in all 
directions of the complex fc^-plane, and for general, linear, covariant gauges. 
Asymptotically free theories are considered. Except for coefficients, the func- 
tional form of the leading asymptotic terms is gauge- independent. Exponents 
are determined exactly by one-loop expressions. Sum rules are derived, which 
generalize the superconvergence relations obtained in the Landau gauge. 
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Interesting sum rules for the structure functions of propagators can be 
derived on the basis of their analytic properties, together with the asymptotic 
behavior for large momenta as obtained with the help of the renormalization 
group. For systems with a limited number of matter fields, one obtains su- 
perconvergence relations for the gauge field propagator in the Landau gauge 
[0, 0]. These relations are of interest in connection with the problem of con- 
finement 0, ^. Other results are dipole representations, and information 
about the discontinuity of the gauge field structure functions. They indicate 
the existence of an approximately linear quark-antiquark potential P, |], 
and are important for understanding the structure of the theory in the state 
space with indefinite metric 0. 

It is the purpose of this note to present results for the gauge field prop- 
agator in general, covariant, linear gauges. We obtain the asymptotic terms 
for large momenta, and for all directions in the complex /c^-plane. Sum rules 
are derived, which generalize the super convergence relations of the Landau 
gauge. An important aspect of our results is the gauge-independence of the 
functional form of the essential asymptotic terms. Only the coefficients of 
these terms depend upon the gauge parameter. 

We consider a non-Abelian gauge theory like QCD, with the gauge-fixing 
part of the Lagrangian given by —B ■ (d^A^) + |i? ■ B, where B is the usual 
auxiliary field. For a ^ 0, B can be eliminated by aB = {d^A'^). In order 
to define the structure function of the transverse gauge field propagator, we 
write 



with A'^'^ = d^A" — d'^A'^. We assume the general postulates of covariant 
gauge theories. Important are Lorentz covariance and simple spectral con- 
ditions, as formulated in references like p|, ^ for state spaces with indefinite 
metric. Exact Green's functions should be connected with the formal per- 
turbation series in the coupling parameter g for g"^ +0, at least as far as 
the first few terms are concerned. Topological aspects of the gauge theory 
are not expected to infiuence the asymptotic behavior we consider here. 

As a consequence of Lorentz covariance, and the spectral conditions men- 
tioned above, it follows that the function D{k^ + iO) is the boundary value of 



/ 



rfxe^'^'XOlTAf (x)Af (0)|0) = -iSabD{e + iO) 
X {k^k^g"'' - k^'k^'g"^ + k^k^g^"' - k'^k'g^'') 



(1) 
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an analytic function, which is regular in the cut /c^-plane, with a branch line 
along the positive real axis. In contrast to the situation for higher Green's 
functions [|TU| , explicite use of local commutativity is not required for the 
two-point functions Using renormalization group methods, together with 
analyticity, we obtain the asymptotic behavior for /c^ — >■ cx3 in all directions 
of the complex plane. We present first the essential leading terms, leaving 
derivation and details for later. 

For the analytic structure function D{k^), we find for /c^ — > cxd in all 
directions: 



— k D{k , K , g,a 




+ -cJ-[3o\n^] +■■■ (2) 

The corresponding asymptotic terms for the discontinuity along the positive, 
real /c^-axis are then given by 

7oo f k"^ \ -7oo//3o-l 

- k^p{k'^,K^,g,a) ~ a) f -/5o In — j +■■■ 

+ -Cif-/5oln^') ' + ■■• (3) 

The parameters and their limitations follows: The function D is nor- 

malized at the real point k"^ = k,^ < 0, where 

-eD{e,K'',g,a)\k2=,2 = l. (4) 

The anomalous dimension of the gauge field is given by 7(5'^, a) = 7o(q;)(7^ + 
7i(a)/ + ■ ■■, 7o(a) = 700 + 0701,71(0) = 710 + 0711 + "^7i2, etc., and 
ao = —700/701- The renormalization group function is Pi^g"^) = Pod'^ + 
(3,g' + ■■: For QCD, we have 700 = -(167r2)-i(f - lNp),^oi = (IQ^T'l 
f3o = — (167r^)"^(ll — ^Nf),Nf = number of flavors. We assume /?o < 
corresponding to asymptotic freedom. Consequently, the exponent ■joo/Po in 
eqs. (2) and (3) varies from 13/22 for Np = to 1/10 for Np = 9, and from 
-1/16 for Np = 10 to -15/2 for A^^ = 16. We have < -foo/Po < 1 for 
Np <9 and -foo/Po < for 10 < Np < 16; for -foo/Po = 1, our relations (|) 
and would require modifications. 
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The essential asymptotic term in eqs.(0) and is the one with the 
coefficient CR{g'^,a), which is not identically zero, although there may be 
zero surfaces a = ao{g^). In case Cr should vanish, the Ci - term becomes 
relevant. Its coefficient is given by 

C, = forO<?^<l, 
Po - 7oo Po 

C, = 22|±^ for5^<0. (5) 
Po - 7oo Po 

For a = 0, the coefficient Cr is positive and given by 



Cij(/,0) = (/)-^''»/*exp rdxro(a;) 

J 



_ 7(a;,0) 700 

Eq. (P) follows from the exact solution for a = 0, with the normalization 
— fi;^Z}(/t^, K^, (yf, 0) = 1 [0, 0]. This solution can be written in the form 



/-2\70o//3o ^2 



Here g'^ = g'^{u, g), u = \^\ is the effective gauge coupling, with the proper- 
ties 

r 9^(^,9) 

Inw = / dxP (x), 
f{u,g)-l/{-[3o\nu) + --- (8) 

for M — > oo, in the case of asymptotic freedom with Pq < 0. 

In general, CR{g'^,a) satisfies a partial differential equation. In an ap- 
proximation, where only terms linear in a are kept in the expression for the 
anomalous dimension 'y{g'^,a), we obtain 



Cnig^a) = exp (^1° c/xro(x)) 



tto "0 Jg"" J 
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Here 



f{x,g'^) = {to{x) + aoTi{x)}exp dyTo{y), 

J X 

ri{x) = 'yi{x)/(3{x) -'joi/pox, 
7(x, a) = 7o(a;) + a7i(x) + O(a^). (10) 

In eq. (^, the normalization for the full solution in the the a-linear approx- 
imation has been used in order to fix an otherwise undetermined coefficient 
of Cr. This approximation consists of replacing the general anomalous di- 
mension 7(5?^, a) by the a-linear form 70(5'^) + 0:71(5'^). The corresponding 
solution is given by 



— k'^D{k'^, K^, g,a) = exp ij ^ 



with the notation as defined in eqs. (|g) and (pi)!) . 

An important aspect of the leading asymptotic terms for 

—k'^D{k'^,K,'^,g,a) and — k'^ plk"^ , , g , a) 

is their independence of the gauge parameter a, except for the coefficient 
CR{g'^,a). In addition, the exponents of the logarithms in eqs. (H) and 
(^ are completely and exactly determined by one-loop coefficients of the 
anomalous dimension 'y{g'^, 0) and of the /5-function. 

In view of the asymptotic behavior of D{k^, h?^ g, a) as given in eq. (2), 
which is valid for all directions in the /^^-plane, we can write the usual un- 
substracted dispersion representation 

nitW„,a) ^ /;..»^^(^^^ (12) 

We also have sufficient boundedness for the discontinuity p in order to write 
a dipole representation 

D(k'n'aa) - r j,^j2 <k'\K\g,a) 
U{k ,K,g,a) - J^^dk ^^,2_^2)2 ' 
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a{k'^,K^,g,a) = / dk'^ p{k'^ , , g , a) . (13) 
J-o 

For a = 0, the dipole representation has been discussed in refs. and 
in connection with an approximately hnear quark-ant iquark potential. 

Of particular interest is the situation for < 7oo//5o < 1; corresponding 



to Np < 9 in QCD. There, the function D + -^k ^ vanishes faster than k 
for A;^ — > oo, and hence we have the sum rule 



2 



2 / 7 2 2 ^ " 



dky{k\K,g,a) = — . (14) 
ao 

This is the generalization of the super convergence relation Q 

/oo 
dPp{k'^,K^,g,0) = 0, 
-0 

which was obtained previously in the Landau gauge. The relation ( p^ ex- 
presses the fact that the coefficient of the asymptotic term proportional to /c~^ 



in the representation (|12]) is given by —a/ao- It is not valid for 7oo//3o < 0. 
The distribution aspects of sum rules like eq. (0), and of the related disper- 
sion representations, have been discussed in refs. 0. 



In order to derive the asymptotic properties of the structure function 
D, we consider the renormalization group equation for the dimensionless 
function RikP' / , g , a) = —k'^D{k'^,H?,g,a). We obtain 

^(^'^'") " ^(^'^'")^(^'^'") ' ^^^^ 

where we have used the relation 

R-^{k''^ /K^,g,a) = Z^{n''^/K^,g,a), 

which follows from the normalization condition (^): R{l,g,a) = 1 at /c^ = 
< , and where Z3 is the square of the conventional renormalization 
factor for the gauge field. Further, in eq. (0), g = g{^-,g) is the effective 
(running) gauge coupling parameter, and a is given by a = aR~^ g, a^. 
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We use a mass independent renormalization scheme |TT|, which is appropriate 
for the study of asymptotic hmits. 

Let us first consider the hmit k"^ — oo along the negative, real fc^-axis, 
where R{k'^ / ti^ , g , a) is analytic and real. We set u = and define the 

function R{g^; g'^,a) = R{u,g,a), with g{u,g) being the effective coupling 
defined in eq. (|]). From eq. (0), we then obtain the differential equation 

^ = ' ")^(^ \ g ^a), 

a = a{f'\g^,a)=aR~^{f\g^,a). (16) 
For a 7^ 0, it is more convenient to work with the equation 

m)^i = -ai[g\a\ (17) 

with a as defined in eq. (|TB]) . From the general solution (|^ of eq. ( [T^ ) for 
q; = 0, as well as the solution ([TT| ) for a 7^ in the a-linear approximation, 
we know that R and a have a branch point as a function of g^ at g^ = 0, 
which is of the form {g = 7oo//3o- For QCD, we have ^ = . 

We see that |^| = n/d is rational, with n and d being relative primes. It 
is then convenient to uniformize the algebraic branch point by introducing 
X = {g'^y^'^ as a uniformization variable. 

We consider first the case < < 1, corresponding to Np < 9 for QCD. 
Here it is convenient to use eq. (p!6|). We define y{x) = (a — ao)x~'^, and 
obtain the differential equation 

^ = — _ ^ + a;"?/)0(x^ ao + x"?/), (18) 

dx ao 



where 



^9 ,a) = ^^^2) -^^ = Ma) + g Ma) + 



0o(a) = ^4^-|f7o(a), etc., (19) 
Po Po 



with the definitions given below eq. 
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In an appropriate finite domain including = 0, and excluding possi- 
ble, nontrivial fixed points corresponding to zeroes of I3{g'^), it is reasonable 
to assume that (f){g^,a) is continuously differentiable. As far as Pi^g"^) and 
7(5'^, a) are represented by power series expansions for g^ — > +0, 0(5'^, a) is 
also a power series in g^ and a. Under these circumstances, the r.h.s. of 
eq. (|18[) satisfies the Lipschitz condition for x = 0, and we have exactly one 
solution through every point x = 0,y = C . In as far as the r.h.s. of eq. (|T^) 
is also a power series, we obtain the solution in the form of a series: 

y{x) = CH + C - — -0o(ao) - ao0o(ao) a;"' H 

+ ^0o(«o)x'^-" + ---, (20) 

where we have separated the terms proportional to C. 

For the asymptotic expansion of R{g^; g^, a) for g^ +0, eq. (^Of) implies 




ao \ Po 

+ -^^9= + -, (21) 

with = —Ca/aQ, and < < 1. This formula is also valid for C/j = 0. 
The term proportional to in eq.(pUp cancels in the inversion leading to 

For < 0, corresponding to 10 < Np < 16 for QCD, it is more convenient 
to use eq. (|1^). With ^ = — ^, n and d being positive integers which are 
relative primes, we uniformize the branch point at g^ = by introducing 
again a new variable x so that g^ = x'^. Then we define z{x) = x"R{x'^; g"^, a), 
and obtain the differential equation 

^ = aoanx"-^ + d ^) (22) 

dx z 

As long as remains bounded around a; = 0, we have again the Lipschitz 

condition satisfied and obtain the power series solution 

z[x) = Cfi + Cfi0o(O)x'^+--- 

+ -^" + -T^(0o(O) + ao0[,(O))x'^+" + ---, (23) 
cto aod + n 
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with Cr 7^ 0. In terms of R{g^; g^, a), eq. ( pSj) leads to the asymptotic 
expansion for ^ < and — > +0: 

+ ^ + l(j^±^f + ... (24) 



For Cr = 0, we cannot use eq. (^2]), but obtain the asymptotic expression 
directly from eqs. (^) and (|2lD : 

fl(S=;/.a)c.ii + ii2iipl 1 5' + .... (25) 

ao tto Po 1 + 

This relation corresponds to eq. (^I]) with C/? = and ^ < 0. 

With eqs. (^Tj) and (P^, we have obtained the asymptotic expressions 
for R(^,g,a) in the limit fc^ — — oo along the real axis, provided we can 
use g'^{u,g) ~ — 1/(/9o1iim) + ■ ■ ■. It remains to consider the limit k"^ —* oo 
in all directions of the complex fc^-plane. We return to eq. (|15]). Setting 
k'^ = — we find, with < and fc^ = —\k'^\e'^'^ for all \ip\ < it: 



'k 



2 



k 



^2 



,g,a\R{e^rg.Ci). (26) 



Here g = g{\^\,g) and a = aR ^{\^\,g,a). For [3q < 0, the effective 
coupling g^ vanishes for |^| — > oo, and a remains bounded in this limit, 
as may be seen from eqs. (2T) and (P^. Because i? is analytic in the 
cut complex k^-'pXan.e, we can then use the perturbation expansion for the 
structure function, 

R (^^, ^, ^ 1 + gh^{a)ln {^^j + 0{g^), (27) 

and write for (f' +Q: 

i?(e^^ ^, a) ~ 1 + ^%o(a)^^ + 0(^^). (28) 

Eq. (p6|) expresses the asymptotic limit for fc^ _> qq in all directions in terms 
of the limit along the negative real fc^-axis. With eqs. (^), (pSf) , (|2l|) and 
(|24D, we finally obtain the limits given in eqs. (0) and (0). 
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A priori, the coefficients C or Cr appearing in the solutions of the non- 
hnear, ordinary differential equations are undetermined constants. However, 
because of the normalization condition R{g^; g^, a) = 1 or a{g^; g^, a) = a, 
the coefficients become functions of g"^ and a, satisfying partial differential 
equations in these variables. For CR^g^, a), we find the equation 

Cn{g',a) = R{g";g',a)Cn{g",a') 

a' = aR~\g'^-g\a), (29) 

and the corresponding differential equation is: 

For a = 0, and in the a-linear approximation, we have given Cr in eqs. 
and (^, which satisfy eq. ( pOj ) with a = and 7(5'^, a) = 70(^7^) + 071(5'^) 
respectively. 



Several of the results presented in this paper have been obtained by one 



of us (R.O.) in collaboration with W. Zimmermann |T^. It is a pleasure to 



thank Wolfhart Zimmermann for his contribution and for many discussions. 
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